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I. INTRODUCTION

Fractional calculus is the theory of derivative and integral of non-integer order, which can be traced back to Leibniz,
Liouville, Grunwald, Letnikov and Riemann. Fractional calculus has been attracting the attention of scientists and
engineers from long time ago, and has been widely used in physics, mechanics, control theory, viscoelasticity, electrical
engineering, biology, economics and other fields [1-13].

However, fractional calculus is different from traditional calculus. The definition of fractional derivative is not unique.
Common definitions include Riemann-Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-
Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L fractional derivative [14-17]. Since Jumarie type of R-L
fractional derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to
connect fractional calculus with traditional calculus.

In this paper, based on Jumarie type of R-L fractional integral and a new multiplication of fractional analytic functions,
we obtain the following three types of matrix fractional integrals:

(oI8)[E.(AAXD)® o Eo(TE,(sAxD))],
( 01,?)[Ea(lea)®a COSa(TEa (SAxa))],
(o) [E«(AAx™)®, sing (rEq (sAx®))],

where 0 < a <1, A,r, s are real numbers, and A is an invertible matrix. The matrix fractional exponential function,
matrix fractional cosine function, and matrix fractional sine function play important roles in this article. In fact, our results
are generalizations of ordinary calculus results.

Il. PRELIMINARIES
At first, we introduce the fractional calculus used in this paper and its properties.

Definition 2.1 ([18]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(DO O] = o [ LT gy )

I(1-a)dx “Xo (x—t)*
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And the Jumarie type of Riemann-Liouville a-fractional integral is defined by

Gl ] = r(@ f;: (xft()t3 zdt, (2)

where I'( ) is the gamma function.

Proposition 2.2 ([19]): If a,B,x,, C are real numbers and g = « > 0, then

(e D)x = x)F] = 1320 (e = x0)F 3)

and

(x,Dg)IC] = 0. (4)
In the following, the definition of fractional analytic function is introduced.
Definition 2.3 ([20]): Suppose that x, x,, and a; are real numbers for all k, x, € (a, b), and 0 < a < 1. If the function

fo:[a, b] = R can be expressed as an a-fractional power series, that is, f, (x*) = Y- Om (x — x¢)** on some open

interval containing x,, then we say that f, (x%) is a-fractional analytic at x,. In addition, if f,: [a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional
analytic function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([21]): Let0 < a <1, and x, be a real number. If f,(x%) and g,(x%*) are two a-fractional analytic
functions defined on an interval containing x, ,

fa(x®) = 2= om( x — x0)*¢, (5)

© b
9a(x*) = X0 T( .

ka+1)

(x = %) (6)
Then we define

fa(x*)®q g (x)

= Yk=o (x = %) ®¢ Y=o

(x — xo)ka

F(ka+1) F(ka+1)

= S omrs (Zhmo (X)) @umbm) G = x)*e. (7)

F(ka+1)

Equivalently,
fa(x)®q go(x*)

®ak ®a k

=Tt (o = )%) @ Tt (ro (r = %0)?)

T(a+1) [(a+1)

= 520 (Zhico () trmbn) (i = 30)%) ™ )

Definition 2.5 ([22]): If 0 < @ < 1, and f,(x%), g,(x%) are two a-fractional analytic functions defined on an interval
containing x, ,

Fulx®) = Do s (o = 1) = N 2 (i - x)?) ©
by 1 Bak
9a(x™) = Lot O = %) = B0 2 (g 6 = x0)*) - (10)

The compositions of f, (x%) and g, (x®) are defined by
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(f © 9a) (6 = fu(92(x) = N0 2 (g (x9) ™, (11)

and

(Ga © fe) (%) = go(fa(x®) = X0} (fa ) (12)

Definition 2.6 ([23]): If 0 < a <1, x is a real variable and A is a matrix. The matrix a-fractional exponential function,
matrix a-fractional cosine function, and matrix a-fractional sine function are defined as follows:

E (Ax®) = ¥'® - 1 a)®e" 13
«(Ax®) = T, AK F(ka+1) = Lk= Ok'( F(a+1)x ) ' (13)
@) =y 2k CDRRRE Lo (DK 1 a\Bak
cosq (Ax®) = Yo A T(2ka+1) = Xk=0 2k)! (A r(a+1)x ) ' (14
and
. @) = 3o 2k+1 (= 1)kx(2k+1)a _ve  (-DF 1 a Ba (Zk+1)
sma(Ax )= =04 T(2k+Da+1)  “k=0 (2k+1)!( I'(a+1) ) ' (15)

I11. MAIN RESULTS

In this section, based on Jumarie type of R-L fractional integral and a new multiplication of fractional analytic functions,
we obtain three types of matrix fractional integrals.

Theorem 3.1: If 0 < a <1, A,r,s are real numbers, ks + 1 # 0 for all nonnegative integer k, and A is an invertible
matrix, then

1

—— ATV Eq (ks + )Ax®). (16)

(o) [Ec(AAX®)®¢ Eq(TE,(sAxY))] = z;;;;()%rk
Proof Since E,(AAx%)®q Ey(TE,(sAx%))
= E,(1Ax")®, Z,?=0%(rEa(sAx“))®“"
= E;(QMAx)®¢q X7 ¥ Eq(ksAx®)
= z,;zo%rkEa((ks + D)Ax%) .
It follows that
(ol [Ec(QAX)®¢ Eq(rEq (sAxY))]
= (o) [Bro = Ea((ks + )Ax)]
=Y ok. rR(oIF)[Eq((ks + 1)Ax™)]
= Lot —— A7 E, (ks + 1)Ax) . g.e.d.

sk+A

Theorem 3.2: If 0 < a <1, A,r,s are real numbers, 2ks + 1 # 0 for all nonnegative integer k, and A is an invertible
matrix, then

JD)[EL(QAXD)®,, cosy (rE,(sAx®))| = T2 EL 2k L 4-15 ((2ks + 1)Ax). (17)
(o) ( )]

(2k)! 2ks+/1

Proof E,(AAx*)®, cos,(TE, (sAx®))

© -1k ®q 2k
= E,(MAx9)®, Zk:o% (rE,(sAx®))

= E,(MAxV)®, ¥ 0((2;)), r2KE_(2ksAx®)
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(-nk

(_Zk)! 2 E,((2ks + 1)Ax%) .

= Z?:o

Therefore,
( OI,‘C") [Ea (AAx*)®, cos, (rEa (sAx“))]

_1k
= (ol) [Zizo G 72 Ea(2ks + D)Ax)|

= 520 S (1) [Bal(@hs + D Ax)]

(2k
_yoo DF g 1 -1 a
= Yo @ " 2ks+,1A E,((2ks + 1) Ax%) . g.e.d.

Theorem 3.3: If 0<a <1, Ar,s are real numbers, (2k + 1)s + 1 # 0 for all nonnegative integer k, and 4 is an
invertible matrix, then

(o) [EAAXD)®, sing (rEq(sAx®))] = z;;;o(“)k P2kt 4-1p (2k + 1)s + DAx%).  (18)

2k+1)! (2k+1)s+1
Proof Since E,(1Ax*)®, sina(rEa(sAx“))

®q (2k+1)

« w (-DF @

=E,(1Ax*)®, Zk=0(2k+1)! (TE,(sAx%))
_ 1k

= E,(Mx")®, X g~ r2k+iE ((2k + 1)sAx%)

2k+1)!

o (=D¥
=y, (;H)l)!rz"“Ea(((Zk +1)s + 1)Ax%) .

It follows that

(oIF)[E«(AAXM)®, sing (TE,(sAx™))]

_1\k
= (ol) [0 g 7 Ea(2K + Vs + D Ax)|

= ¥ SO 2kt () [E, (2K + 1)s + D) Ax®)]

2k+1)!

_1\k
D_j2k+t 1 4-1p (((2k + 1)s + 1)Ax%)

_voo (
= Xk=o0 (2k+1)! (2k+1)s+A

g.e.d.
IV. CONCLUSION

In this paper, based on Jumarie type of R-L fractional integral and a new multiplication of fractional analytic functions,
we obtain three types of matrix fractional integrals. The matrix fractional exponential function, matrix fractional cosine
function, and matrix fractional sine function play important roles in this article. In fact, our results are generalizations of
the results in traditional calculus. In the future, we will continue to study the problems in engineering mathematics and
fractional differential equations by using our methods.
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